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Abstract 

We review the relations that have been found between multi-loop scattering amplitudes in 
jauge theory and gravity, and their implications for ultraviolet divergences in supergravity. 
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1 Introduction 



Although Yang-Mills theory and Einstein gravity are both based on local symmetries, and include 
long-range forces at the classical level, they are very different theories. For example, Yang-Mills 
theory is renormalizable, and due to asymptotic freedom, highly nontrivial in the infrared region; 
whereas gravity is nonrenormalizable, and its ultraviolet structure is of the greatest interest theoret- 
ically. There are also great differences between the perturbative Feynman rules for the two theories: 
Those for Yang-Mills theory contain only three- and four-point vertices, while those for gravity can 
have arbitrarily many external legs. Nevertheless, string theory suggests the heuristic relationship, 

gravity ~ (gauge theory) x (gauge theory) , (1) 

following from the representation of string amplitudes as integrals over world-sheet variables - 
complex integrals for closed strings (gravity) and real integrals for open strings (gauge theory) - 
and the factorization of the closed-string integrand into two copies of the open-string integrand. 
This relationship was made precise by Kawai, Lewellen and Tye (KLT) Q for tree-level scattering 
amplitudes. In this talk we describe the relations between multi-loop scattering amplitudes in gravity 
and gauge theory that were obtained in ref. and discuss some of their implications. 

Multi-loop scattering amplitudes are of considerable interest in both nonabelian gauge theory 
and gravity (and their supersymmetric extensions). On the gauge theory side, there are practical 
implications for more precise predictions of jet rates and other QCD phenomena observed in collider 
experiments. To date, no jet rate computations have been carried out beyond next-to-leading order 
in the strong coupling a s , even though in many cases, such as e + e~ annihilation into three jets, 
experiment demands one higher order. Two-loop scattering amplitudes are required to calculate 
such next-to-next-to- leading order corrections. 

On the gravity side, ultraviolet properties are of primary interest. Although gravity is nonrenor- 
malizable by power counting, and the conventional wisdom is that only string theory could possibly 
render it finite to all orders, in point of fact no divergence has yet been established for any super- 
symmetric theory of gravity in four dimensions. Nonsupersymmetric theories of gravity with matter 
generically diverge at one loop H ||, and pure gravity diverges at two loops ||. However, super- 
symmetry Ward identities (SWI) Q] forbid all possible one-loop [|| and two-loop @ counterterms in 
any supergravity theory in D = 4. Thus at least a three-loop calculation is required to definitively 
answer the question of the finiteness of four-dimensional supergravity. In addition, there is a can- 
didate counterterm at three loops for all supergravities including the maximally extended version 
(N = 8) fllofl . In ref. divergences were computed in (higher-dimensional) N = 8 supergravity, 
but only up to two loops. We expect, though, that the same techniques should be applicable beyond 
the two-loop level. In fact, our work suggests a natural conjecture for the divergences appearing at 
L loops (see section ^|). The conjecture would imply that N = 8 supergravity in D = 4 first diverges 
at five loops, not three loops. 

Loop amplitudes in D = 11 supergravity can also be used to extract information about M 



theory [11, 12]. Here the finite parts of the amplitudes are most important, particularly their 



dependence on the radii of one or two compactified dimensions. 
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In principle one could investigate higher-loop relations between gravity and gauge theory in su- 
perstring theory using the world-sheet representation. However, at the multi-loop level this becomes 
technically rather difficult. Also, we would like to study the ultraviolet properties of particle theories 
of gravity. Recently, the KLT relations have been examined at the Lagrangian level, by introducing 
an auxiliary scalar field (i.e. the dilaton) into the Einstein-Hilbert action and carrying out appro- 
priate field redefinitions |13[|. However, we won't pursue this direction further here. Instead we will 



use unitarity as a tool. Unitarity has proven very useful for one- loop QCD computations [14], and 
it has also been applied to two-loop N = 4 super- Yang- Mills amplitudes [jj~5|| . The basic approach 
is to calculate the unitarity cuts of an amplitude, and then find functions that reproduce all such 
cuts. One can construct a perturbative bootstrap from tree amplitudes up to multi-loop amplitudes 
in this way. In the case of gravity, where the KLT relations express its tree amplitudes as roughly 
'squares' of those of gauge theory, unitarity is particularly effective: The same algebraic steps em- 
ployed in simplifying the gauge theory cuts can often be recycled in the (otherwise more complex) 
corresponding gravity cuts. 



2 Tree- level relations 



The starting point for investigating gravity-gauge theory relations via unitarity is the set of tree- 
level relations found by KLT Q. The key observation is that any closed string vertex operator is a 
product of open string vertex operators, 



V ~ V Mt X bright 



(2) 



This product structure is then reflected in the amplitudes, written as correlation functions of vertex 
operators. 

For example, the open string tree amplitude for n gluons is 
dxi ■ ■ ■ dx Ti 



A,- 



Vabc 



n 

l<i<j<n 



Xi - Xj\ ki ' kj exp 



E 

Kj 



c% ' Cj ^ k{ ' Cj hj • Ci 



(3) 



lin. 



dx a dxb dx c 



(4) 



where 

^ abc \{xa — Xb)(xb-x c )(x c — x a )\' 
and x a ,Xb,x c are any three of the Xj. In equation (|3|) we have suppressed the inverse string tension 
a' , and the 'lin.' denotes that after expanding the exponential one only keeps terms linear in each 
polarization vector ej. The corresponding closed-string n-graviton amplitude is 



d 2 z\ ■ ■ ■ d 2 z n 



*abc 



17 - Zj) ki ' kj exp 

l<j<j'<n 



l<i<7<n 



E 
E 



Ci ' Cj k{ ' Cj kj ' Ci 



(Zi - Zj) 2 (Z { - Zj) 



Ci ' €j ki ' €j hj • Ci 



(Zi Zj*) 2 (Zi Zj) 



lin. 



where 



A 



abc 



d 2 z a d 2 Zb d 2 z c 



%a Zb\ 2 \zb Z c \ 2 \z c Za 2 



(5) 



(6) 
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and z a ,Zb, z c are any three of the Z{. In a helicity basis ||16|| , one can write the graviton polarization 
tensor as a product of gluon polarization vectors, (rb) = e^(=L). 

The closed string integrand in (||) is a product of two open string integrands. This factorization 
holds for general closed-string states, not just gravitons, using the tensor product decomposition 
of closed string states in terms of open string ones, so that the vertex operator relation (|2|) can be 
applied. 

From equations (||) and (|5|), various contour-integral deformations lead to relations between tree- 
level closed and open string amplitudes after all integrations have been performed pj. Here we will 



need only the KLT relations in the limit a' — > for the four- and five-point amplitudes [17]: 



Mf ee (l,2,3,4) = -^ 12 < ee (l,2,3,4)< ee (l,2,4,3), (7) 
M 5 tree (l,2,3,4,5) = i Sl2S3 44 ree (l,2,3,4,5)4 ree (2,l,4,3,5) 

+is 13 s 2 4A t i ec (l, 3, 2, 4, 5) 4 rec (3, 1, 4, 2, 5) , (8) 

where the M n 's are the amplitudes in a gravity theory stripped of couplings, the A n 's are the color- 
ordered subamplitudes in a gauge theory and Sij = (ki + kj) 2 . We suppress all ej polarizations and 
kj momenta, but keep the labels to distinguish the external legs. The full amplitudes are given 
by 



(n-2) 



AC e (l,2,...n) = (-) Mr(l,2,...n), 
< ree (l,2,...n) = g^ Tr(TMDT a -( 2 ) ■ ■ -T a ^) A^ cc (a(l),a(2), . . . ,a(n)), (9) 

where S n /Z n is the set of all permutations, but with cyclic rotations removed, g is the gauge theory 
coupling constant, and k 2 = 32-kGn- The T ai are fundamental representation matrices for the 
Yang-Mills gauge group SU(N C ), normalized so that Ti(T a T b ) = 5 ab . 

Relations ([/]) and (|8|) can also be used when each external graviton state in M n is replaced by 
any of the 256 states of the N = 8 supergravity multiplet. The Fock space decomposition 

\N = 8 SUGRA state) = |JV = 4 super YM state) (g> \N = 4 super YM state) (10) 

should then be used to select the corresponding states for the two A n factors on the right-hand side 
of the relation. 

3 Loop amplitudes from unitarity 

Unitarity of the S matrix, S^S = 1, written in terms of the T matrix defined by S = 1 + iT, reads 

2ImT 4/ = Y. T U T if- C 11 ) 

3 

where i and / are initial and final states, and the 'sum' is over intermediate states j (and includes 
an integral over intermediate on-shell momenta) . Perturbative unitarity consists of expanding both 
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sides of equation (11) in terms of coupling constants, g for gauge theory and n for gravity, and 
collecting terms of the same order. For example, the imaginary (or absorptive) parts of one-loop 
four-point gauge amplitudes (order g ) are given in terms of the product of two four-point tree 
amplitudes (g 2 x g 2 ). The cuts in two-loop four-point gauge amplitudes (order g 6 ) are of two types: 
the product of a four-point tree amplitude and a four-point one-loop amplitude (g 2 x g 4 ), and the 
product of two five-point tree amplitudes (g 3 x g 3 ). In terms of the number of particles crossing the 
cut, the former is a two-particle cut, the latter a three-particle cut. 



3.1 Two-particle cutting equations 

The two-particle cuts in N = 4 super- Yang-Mills theory have a very simple self-replicating struc- 
ture fl5|]. The key equation is 



< ee (-£f\l,2,4 2 ) x < ee (-4 2 ,3,4,£f; 

Si,S 2 e{N=4} 



S12S23 



(h-h) 2 (£ 2 -k 3 ) 2 



< ee (l,2,3,4), 



(12) 

where are the intermediate momenta, and S\ t 2 label states of the N = 4 multiplet. The N = 4 
labels corresponding to the external states with momenta k{ have been suppressed, but equation (|i~2| ) 
is valid for arbitrary combinations of external states. It is also valid for arbitrary (not just four- 
dimensional) momenta. One way to derive the equation is by working 'backwards' from the one-loop 
N = 4 amplitudes first obtained using string theory [|l^] . 

Equation (|i~2|) can be represented graphically as 




YY 

AA 



2 \p/ : 

JL 



(13) 



where the blobs represent tree amplitudes, and the two denominator factors in (|i"2| ) are represented 
kinematically by the two internal propagators in the <ft 3 diagram on the far right. This representation 
makes clear that the one-loop two-particle cut is given by a cut scalar box integral, multiplied by 
the tree amplitude and a simple overall factor. The full one-loop amplitude is obtained simply by 
replacing the cut scalar box integral with the full scalar box integral (D is the spacetime dimension), 



(2tt) d £ 2 {£ - h) 2 (£ -ki- k 2 ) 2 (£ + U) 2 ' 



(14) 



3.2 N = 4 iteration 



Because the dependence of the two-particle cut on the external N = 4 states is just that of the tree 
amplitude, the two-particle cuts can be iterated easily. For example, the two-loop two-particle cut 
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is given by 



E 

AT=4 





E 



N=4 



■ (H) s 34^2 - fo) 5 



2 \i*y ; 

,11 



-«)S12«23 



(4-fcl) 2 (^2-fc 3 ) 2 



2 yy 3 

-S 2 2 S 2 3 X X 



(15) 



Clearly, the coefficients of all multi-loop ladder diagrams can be determined in this way; but so 
can the 'entirely two-particle constructible' diagrams, namely those which can be reduced to trees 
by successive two-particle cuts, for example 



(16) 



In general, each two-particle cut through a channel with momentum £i+£j results in an additional 
factor of (ti + lj) 2 multiplying the (j) 3 integral [15]. 

At two loops, all terms in the N = 4 super- Yang-Mills four-point amplitude are detectable by the 
iterated two-particle cuts. In order to confirm that these are the only terms, one must calculate the 
more complicated three-particle cuts |15]. Beginning at three loops (for nonplanar contributions), 
there are terms in the amplitude which do not have any two-particle cuts at all, so three-particle 
cuts are required just to guess their form. 

The above discussion has been for color-ordered subamplitudes, which need to be dressed with 
appropriate color factors to produce the full gauge theory amplitude. For the entirely two-particle 
constructible terms, however, this dressing is very simple to describe: In a graphical representation 
of the color factors, where a Kronecker 5 ab is represented by an internal line and a structure constant 
jabc a three- vertex, one should multiply each kinematic (0 3 ) graph by exactly the same color- 
factor graph. 
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3.3 Recycling gauge theory into gravity 



The first step in repeating the above analysis for N = 8 supergravity is to derive the corresponding 
two-particle cutting equation. Using the four-point KLT relation (|?j), followed by the Yang-Mills 
cutting equation ([12]), the appropriate product of two gravity amplitudes is 

E 

Si,S 2 £{N=8} 



Ml iee (-ef\l,2,£$ 2 ) x Mf ee (-^ 2 ,3, Vf 1 ) 



s 12 



Si,5 2 e{AT=4} 



E 1 ' 

Si, S 2 S{A r =4} 



A? ee (4 2 , 1, 2, -£f ) x A^^f 1 , 3, 4, 



(17) 



(si2^4 ee (l,2,3,4) 



si2S 2 3< ee (l,2,3,4) 



A 12 



(*1 - fei) 2 (£ 2 - fe 3 ) 2 (^2 + fci) 2 (^i + fc 3 ) 5 



1 



1 



(^1 - fcl) 2 (^l-fc 2 ) 2 



(4 



h) 2 



£u) 2 



In the last step we have performed a partial- fractioning of the denominators (using on-shell relations), 
in order to get a form which is recognizable as a sum of four different cut scalar box integrals, 
corresponding to 1 <-> 2 and 3 <-> 4 permutations of the integral in (|14]). 



Equation (17) can be iterated whenever equation (12) can. Its structure implies that the coef- 
ficients of the corresponding c^ 3 integrals in N = 8 supergravity are essentially the squares of those 
in N = 4 super- Yang-Mills theory (once color factors have been removed from the latter) 0]. Again 
the two-particle cuts should be checked via three- (and higher-) particle cuts. The check for gravity 
at two loops is greatly simplified by using the five-point KLT relation (|8|). The resulting two-loop 
N = 8 supergravity amplitude is given by 



^ 2 - loop (l,2,3,4) 



K\ 6 



lsi2S2 3 4 ree (l,2,3,4)] 2 



(18) 



A 12 



■3 2- 

+ 

■4 1- 



3^^4 J + 7>(2,3,4) 



where l +V(2, 3, 4)' instructs one to add the five nontrivial permutations of legs 2,3,4. 

Beyond two loops, complete results are not yet available; a full analysis of higher-particle cuts 
must still be performed. 



4 Ultraviolet divergences in N = 8 supergravity 
4.1 Two loops 

Two-loop ultraviolet divergences in iV = 8 supergravity can be extracted directly from the two-loop 
scattering amplitude (jl^), by evaluating the divergences of the two ^ 3 double-box integrals that 
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appear. Since each integral has 7 propagators and 2D loop momenta in the integration measure, 
loop (l, 2, 3, 4) is manifestly finite for D < 7. This behavior is better than what was predicted 
by power counting in an N = 4 superspace formalism, which suggested that N = 8 supergravity 
should diverge at two loops in D = 5 and 6 [19]. The discrepancy is presumably due to the lack of 
a manifest N = 8 invariance in the power-counting argument. In the direct cut-based calculation, 
the on-shell N = 8 supersymmetric Ward identities are utilized in summing over the intermediate 
states crossing the cuts. 

For D > 7, no cancellations occur, and there are divergences in every dimension of interest. The 
results are ||, 

,2-loop, D=n-2e, . _ C n f ^ tree 



where 

C-, = i|( S 2 + t 2 + „2 )i 

1 —13 

Cio = stu (s 2 + t 2 + u 2 ) , 

u 12 25 920 v ; ' 

C " " i5W50o( 438 ( s6 + t6 + " 6 »- 53sW 
and s = Si2, t = S23, u = S13. We omit the D = 8 two- loop divergence because the D 



theory diverges already at one loop, as can be seen easily by inspecting the box integral (14). New 
counterterms appear at two loops, though, as one would expect from a nonrenormalizable theory. 
(There are no corresponding one-loop divergences in D = 9 or D = 11, in dimensional regularization, 
because all invariants have even dimension. In D = 10, there is a cancellation of one-loop divergences 
between the three different box integrals, because s + t + u = 0.) 

The presence of a factor of stuM^ ee in equation ( |i~9| ) implies that in all the above cases, for 
four graviton external states, the linearized counterterms take the form of derivatives acting on the 
operator 

i i p4 _ J./U1M2"'M8 J.VIV2—VS D C> D E> ( r >'\\ 

(,gl8JX _ tg tg - rt /il/i2^1^2 - rt £t3M4^3^4 • rt M5M6f5^6 - rL A'7M8f7^8 ' V Z1 / 

where the tensor t g is defined in equation (9. A. 18) of ref. p0|| , plus the appropriate iV = 8 completion. 
When the indices are restricted to four dimensions, tgtgR 4 becomes equal to the Bel-Robinson 
tensor |2lJ| . We note that the operator (|2l|) appears in the tree-level superstring effective action |22]| . 
It also appears as the one-loop counterterm for N = 8 supergravity in D = 8. Finally, by calculating 
the same amplitude in compactified supergravity, it can be argued that it appears in the M theory 
effective action at one loop ||TT[| , and with the above set of derivatives at two loops |jl2]| . 

The result ( |20| ) shows that even D = 11 supergravity diverges. The manifest D-independence 
of the cutting algebra allowed us to extend the calculation to D = 11, even though there is no 
corresponding D = 11 super- Yang-Mills theory. Although we have established a divergence, we 
have not given a full description of the multiplet of counterterms, in particular how it depends on 
the three-form potential Aa Vp - Further work on the structure of the D = 11 counterterm has been 
carried out in ref. fB3|. 
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4.2 Beyond two loops (a conjecture) 



Although we have not performed a full calculation beyond two loops in either N = 4 super- Yang- 
Mills theory or N = 8 supergravity, the structure of the entirely two-particle constructible terms 
leads to a natural conjecture for where divergences appear at L loops. In the Yang-Mills case, for 
each additional loop the maximum number of powers of loop momentum in the numerator increases 



by two, corresponding to the insertion of {1^ + £j) 2 mentioned in section 3J2. Thus, for L > 1 loops 



we expect that the most divergent integrals have 2L — 4 powers of loop momenta in the numerator. 
There are also three additional scalar propagators per loop. The integrals scale as 



(W^sbur- (22) 



(p2)(L-2) 
(p2^3L+l 



(The L = 1 case is special and must be treated separately.) These integrals are finite for 

D< I + 4, (L>1). (23) 



The result (^) differs from expectations based on iV = 2 superspace power-counting p4| . Specif- 
ically, for dimensions D = 5, 6 and 7 the amplitudes first diverge at L = 6,3 and 2 loops. The 
corresponding superspace arguments indicate that the first divergence may occur at L = 4, 3 and 2, 



respectively. Although (23) is still only a conjecture, it is consistent with three-loop contributions 
that are not detectable by the two-particle cuts, and for which we have evaluated the three-particle 
cuts. More generally, it is also consistent with a subset of the n-particle cuts where so-called 'max- 
imally helicity- violating' tree amplitudes appear on each side of the cut HJ. We suspect that the 
difference with ref. |?4|] is due to a lack of full manifest supersymmetry in the power-counting argu- 
ment. 

For N = 8 supergravity, from insertions of [(£$ + £j) 2 ] 2 factors in the two-particle cuts, we expect 
the scaling of the most divergent integrals at L loops to be 



(d^) L ^' • (24) 



(p 2 ) 2(L - 2) 



This leads to a conjectured finiteness condition, 



D<^- + 2, (L>1). (25) 

In particular, we expect no three-loop divergence to appear in D = 4 — contrary to expectations 
from an = 4 superspace analysis [|l^, [24j|. We expect the first i? 4 -type counterterm to occur at five 
loops instead. The divergence should have the same kinematical structure as the D = 7 divergence 
in (|l~9|), but with a different non- vanishing numerical coefficient. 

Ref. |l2[] argues that the coefficients of operators with exactly four derivatives acting on tst$R 4 
in the M theory effective action are completely accounted for by the two-loop amplitudes. However, 
the scaling behavior in (p4|), inferred from the two-particle cuts, suggests nonvanishing contributions 
of this type from all L > 2. A full three-loop supergravity calculation would be very welcome, to 
address both the expected finiteness in D = 4, and whether there are dHstsR 4 contributions. 
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5 Conclusions 



The heuristic relation (JTJ) between gravity and gauge theory is a very useful way to think about 
gravity, at least perturbatively. Unitarity allows one to bootstrap the tree-level (KLT) versions 
of (H) up to the multi-loop level. Thus gravity calculations can be performed by recycling the simpler 
Yang-Mills calculations. Although we have discussed primarily the maximally supersymmetric case, 
where explicit calculations are the simplest, there should be applications to more general cases as 
well. Indeed, special one-loop helicity amplitudes with arbitrary numbers of external gravitons have 
been computed in this way, in both N = 8 supergravity and pure gravity J2^] . 

We have learned that supergravity amplitudes are less divergent than previously expected. In 
D = 4, it is still true that no supergravity divergence has yet been firmly established. Indeed, our 
expectations in the maximally supersymmetric case, N = 8, are for the first divergence to occur 
only at five loops, not three loops. Further work in this direction, using the techniques described 
here, could help to remedy this situation. 
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